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Abstract. The gravity effects in high-energy scattering, described by a four-dimensional eikonal amplitude
related to gravireggeons induced by compact extra dimensions are studied. It is demonstrated that the
real part of the eikonal (with a massless mode subtracted) dominates its imaginary part at both small and
large impact parameters, in contrast with the usual case of hadronic high-energy behavior. The real part
of the scattering amplitude exhibits an exponential falloff at large momentum transfer, similar to that of
the imaginary part of the amplitude.

1 Introduction

In our previous paper [1], we considered the model with
compact extra spatial dimensions [2] and calculated the
contribution of Kaluza–Klein (KK) gravireggeons into the
inelastic cross-section of high energy scattering of four-
dimensional SM particles. In particular, an expression for
the imaginary part of the eikonal has been derived. The
results were applied to cosmic neutrino gravitational in-
teraction with atmospheric nucleons [1].

In the present paper, we study quantum gravity ef-
fects related to the extra dimensions in the real part of the
eikonal. As in [1], the SM particles are confined on a four-
dimensional brane, while the gravity lives in all D = d+4
dimensions. The extra dimensions are compactified, with a
radius Rc. Thus, a fundamental mass scale, MD, is related
to the Planck scale by a relation M2

Pl = Md+2
D (2πRc)d [2].

In the next section, we consider a case of one extra
dimension. The generalization to more than one extra di-
mension is given in Sect. 3. The conclusions and discus-
sions are given in the last section. Some technical details
of our calculations are collected in the Appendices.

2 One extra dimension (d = 1)

For the sake of simplicity and for pedagogical reasons,
we will consider first one extra dimension. The general
case (d > 2) will be analyzed in the next section. In
the gravireggeon model, eikonal is given by the sum of
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reggeized KK gravitons in the t-channel [1]:

χ(s, b) =
1

8πs

0∫
−∞

dt J0(b
√−t)

∞∑
n=−∞

AB(s, t, n), (1)

where
√

s is an invariant energy and the Born amplitude
is of the form

AB(s, t, n) = GN

[
i − cot

π

2
αn(t)

]
α′

g β2
n(t)

(
s

s0

)αn(t)

.

(2)
Here, n is a KK-number. The value n = 0 corresponds to
usual massless graviton.

Both massless graviton and its KK massive excitations
lie on linear Regge trajectories:

α(tD) = α(0) + α′
g tD, (3)

where tD denotes D-dimensional momentum transfer. Be-
cause the extra dimension is compact with the radius Rc,
we come to splitting of the Regge trajectory (3) into a
leading vacuum trajectory,

α0(t) ≡ αgrav(t) = 2 + α′
gt, (4)

and infinite sequence of secondary, KK-charged
gravireggeons [3]:

αn(t) = 2 − α′
g

R2
c

n2 + α′
gt, n � 1. (5)

The string theory implies that the slope of the
gravireggeon trajectory is universal for all s, and α′

g =
1/M2

s , where Ms is a string scale.
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In [1], the imaginary part of the eikonal (1) has been
calculated. In the present paper, we consider the real part
of the eikonal. From (1), (2) and (5), we obtain (q2

⊥ = −t):

Re χ(s, b) = GNs
α′

g

8

∞∫
0

q⊥dq⊥ J0(q⊥b) e−q2
⊥R2

g(s)

×
∞∑

n=−∞
cot
[πα′

g

2
(− t +

n2

R2
c

)]
e−n2R2

g(s)/R2
c , (6)

where
Rg(s) =

√
α′

g ln(s/s0) (7)

is a gravitational slope (dynamic radius). Formally, there
exist poles in the sum in (6) at negative values of αn(t). It
is demonstrated in Appendix A that these tachyon poles
are fictitious singularities, and, thus, they will not be taken
into account in our calculations.

In what follows, we will assume that t lies in the phys-
ical region, t < 0, and

α′
g |t| � 1. (8)

It is equivalent to |t| � M2
s , where the string scale Ms

is of order 1 TeV. The sum in (6) is effectively cut from
above, n � nmax = Rc/Rg(s). It means that α′

gn
2/R2

c �
[ln(s/s0)]−1 � 1 in (6).

Let us define Re χ̌(s, b) to be the real part of the eikonal
with a pole term (corresponding to n = 0 in (6)) sub-
tracted. With the abovementioned, it can be written as
follows:1

Re χ̃(s, b) = GNR2
c s

1
2π

∞∫
0

q⊥dq⊥ J0(q⊥b) e−q2
⊥R2

g(s)

×
∞∑

n=1

1
n2 + R2

c |t|
e−n2R2

g(s)/R2
c . (9)

One can see that ε(s) = Rg(s)/Rc � 1 even at ultra-
high (cosmic) energies, s. Indeed, a magnitude of ε(s) is
defined by the ratio ∼ Mc/Ms, with a compactification
mass scale, Mc = R−1

c , varying from 10−3 eV for d = 2 to
10 MeV for d = 6. So, ε(s) is taken to be a small parameter
everywhere in our calculations.

Let us consider two distinct regions of the momentum
transfer |t|. For 0 � |t| � R−2

c , the leading term looks like

I1 =
∞∑

n=1

1
n2 + R2

c |t|
e−n2R2

g(s)/R2
c

∣∣∣
|t|R2

c�1

� π2

6
− π4

90
R2

c |t| + O(ε(s)). (10)

At large |t| (R−2
c � |t| < ∞), we will consider two

subregions. If the momentum transfer runs the subregion
R−2

c � |t| � R−2
g (s), then

I1 =
∞∑

n=1

1
n2 + R2

c |t|
e−n2R2

g(s)/R2
c

∣∣∣∣∣ |t|R2
c�1

|t|R2
g(s)�1

1 Taking into account that, effectively, |αn(t) − 2| � 1.

� π

2Rc

√|t| − 1
R2

c |t|
+ O(ε(s)). (11)

Note, the leading terms in (10) and (11) match at
Rc

√|t| = a1 = 3/π. At very large values of |t|, namely, for
R−2

g (s) � |t| < ∞, the sum in (11) has the asymptotics

I1

∣∣∣
|t|R2

g(s)�1
� π

2RcRg(s)|t| . (12)

It can be shown that a contribution from the region
R−2

g (s) � |t| < ∞ is suppressed as compared with the
region R−2

c � |t| < ∞ by the factor ∼ ε(s) (for large
impact parameter, which we are interested in). Thus, we
can write (using table integrals from [5]):

Re χ̃(s, b) � GNR2
cs
[ π

12

a1R−1
c∫

0

q⊥dq⊥ J0(q⊥b) e−q2
⊥R2

g(s)

+
1

4Rc

∞∫
a1R−1

c

dq⊥ J0(q⊥b) e−q2
⊥R2

g(s)
]

� GNRcs

4

{
1
b

J1

(
a1b

Rc

)
+

a1

Rc

×
[ √

πRc

2a1Rg(s)
Φ

(
1
2
, 1; − b2

4R2
g(s)

)

− 1F2

(
1
2
; 1,

3
2
; −a2

1b
2

4R2
c

)]}
, (13)

where Φ(a; b; z) is the confluent hypergeometric function,2
and 1F2(a; b, c; z) is the generalized hypergeometric func-
tion [6]. For b � R2

c/Rg(s) � Rc, we get the following
asymptotics [6]:

√
πRc

2a1Rg(s)
Φ

(
1
2
, 1; − b2

4R2
g(s)

)∣∣∣∣
bε(s)�Rc

� Rc

a1b

[
1 + O

(
R2

g(s)
b2

)]
, (14)

and3

1F2

(
1
2
; 1,

3
2
; −a2

1b
2

4R2
c

)∣∣∣∣
b�Rc

� Rc

a1b

[
1 + J1

(
a1b

Rc

)
+

Rc

a1b
J2

(
a1b

Rc

)]
. (15)

Here, J1(z) and J2(z) are the Bessel functions. As a result,
we obtain from (13) and (14)–(15):

Reχ̃(s, b)
∣∣∣
b�Rc

� −GNs
π

12

(
Rc

b

)2

J2

(
a1b

Rc

)
, (16)

2 The confluent hypergeometric function Φ(1/2, 1; z) can be
related to the modified Bessel function I0(z/2).

3 The generalized hypergeometric function
1F2(1/2; 1, 3/2; −z) can be defined by the integral of
the Bessel function J0(z). As a result, its asymptotics have
oscillations.
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where the constant a1 is defined after formula (11).
At zero impact parameters, one has

Re χ̃(s, b = 0) ∼ GNs
Rc

Rg(s)
. (17)

On the other hand, the imaginary part of the eikonal
was found to be (for d = 1) [1]

Im χ(s, b) =
√

π GNs
Rc

Rg(s)
[
ln(s/s0)

]−1 exp[−b2/4R2
g(s)].

(18)
So the real part of the eikonal dominates the imaginary
part at zero impact parameter,4 Re χ̃(s, 0)/Im χ̃(s, 0) ∼
ln s, and it has a powerlike behaviour (with oscillations)
at b → ∞ (16), while the imaginary part decreases expo-
nentially at large b.

3 More than two extra dimensions (d > 2)

The expression for the real part of the eikonal (9) is easily
generalized for d > 2:

Re χ̃(s, b) = GNR2
cs

1
2π

∞∫
0

q⊥dq⊥ J0(q⊥b) e−q2
⊥R2

g(s)

×
∞∑

n=1

1
n2 + R2

c |t|
e−n2ε2(s)

∑
n2

1+n2
2+···n2

d−1� n2

, (19)

where the notation n2 =
∑d

i n2
i is introduced. The main

contribution to the sum in the right-hand side of (19)
comes from the region n2 ∼ (d − 2)/ε2(s) � 1. Thus, to
estimate the sum in (n1, n2, . . . nd−1) analytically, we can
replace the sum by the integral

Id =
∞∑

n=1

1
n2 + R2

c |t|
e−n2ε2(s)

∑
n2

1+n2
2+···n2

d−1� n2

→
∞∑

n=1

1
n2 + R2

c |t|
e−n2ε2(s)

∫
· · ·
∫

x2�n2

dx

=
π(d−1)/2

Γ
(

d+1
2

) ∞∑
n=1

nd−1

n2 + R2
c |t|

e−n2ε2(s). (20)

As in the previous section, we consider two regions of
the momentum transfer. At |t| � R−2

c , we obtain (up to
corrections O(R2

c |t|) and O(ε2(s))):

Id �
∞∑

n=1

1
n2 +

π(d−1)/2

Γ
(

d+1
2

)
×

∞∑
n=1

1
n2 + R2

c |t|
(nd−1 − 1) e−n2ε2(s)

→ π

6
+

π(d−1)/2

2Γ
(

d+1
2

)
∞∫
1

dz (zd/2−2 − z−3/2) e−zε2(s)

4 We remind the reader that the singular term was sub-
tracted in Re χ̃.

� π

6
+

π(d−1)/2

2Γ
(

d+1
2

) [Ψ(1,
d

2
; ε2(s)

)
− Ψ
(
1,

1
2
; ε2(s)

)]
,

(21)

where Ψ(a, b; z) is the confluent hypergeometric function,5
and we have replaced the sum in n by the integral.6 For
d > 2, (21) results in

Id

∣∣∣
|t|R2

c�1
� π(d−1)/2Γ

(
d
2 − 1

)
2Γ
(

d+1
2

) (
1

ε(s)

)d−2

, (22)

neglecting insignificant terms O(ε(s)). Starting from (21),
we come to the asymptotics I1 � π2/6, in accordance with
(10).

Now let us consider the region R−2
c � |t| < ∞. Then

the quantity Id can be cast in the form:

Id � π(d−1)/2

2Γ
(

d+1
2

)
∞∫
1

dz
zd/2−1

z + R2
c |t|

e−zε2(s)

� π(d−1)/2

2Γ
(

d+1
2

)
[
Γ
(d
2
)
(R2

c |t|)d/2−1 Ψ
(d

2
,

d

2
; R2

g(s)|t|
)

− 2
d

1
R2

c |t|

]
. (23)

For d > 2, we should consider separately two subregions.
Namely, if the momentum transfer is bounded by inequal-
ities R−2

c � |t| � R−2
g (s), (23) results in previously ob-

tained asymptotics (22). At very large values of |t|, such
as R−2

g (s) � |t| < ∞, one gets from (23)

Id

∣∣∣
|t|R2

c�1
� π(d−1)/2Γ

(
d
2

)
2Γ
(

d+1
2

) (
1

ε(s)

)d−2 1
R2

g(s)|t|
. (24)

For d = 1, the correct values of I1 (11), (12) are re-
produced. The asymptotics (22) and (24) match at |t| =
a2R−2

g (s), where

a2 = (d − 2)/2. (25)

Thus, we get the following expression for the eikonal:

Re χ̃(s, b) � GNs

[
Rc

Rg(s)

]d π(d−3)/2Γ
(

d
2

)
4Γ
(

d+1
2

)

×


R2

g(s)
a2

aR−1
g (s)∫

0

q⊥dq⊥ J0(q⊥b) e−q2
⊥R2

g(s)

+

∞∫
aR−1

g (s)

dq⊥
q⊥

J0(q⊥b) e−q2
⊥R2

g(s)




5 The functions Ψ(a, b; z) and the abovementioned function
Φ(a, b; z) are different solutions of the confluent hypergeometric
equation.

6 Note, for d = 1, this is justified only if |t|R2
c � 1.
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≡ GNs

[
Rc

Rg(s)

]d π(d−3)/2Γ
(

d
2

)
4Γ
(

d+1
2

)
×
[
I<

(
ab

Rg(s)

)
+ I>

(
ab

Rg(s)

)]
. (26)

At small impact parameters, we get immediately, from
(26),

Re χ̃(s, b)
∣∣∣
b�Rg(s)

= C(d) GDs α′−d/2
g

[
ln
( s

s0

)]−d/2

+ O
(

b2

R2
g(s)

)
, (27)

where C(d) is a constant depending on the number of
the extra dimensions, the explicit form of which can be
obtained from (26). The asymptotics of the real part of
the eikonal at large b is more complicated to analyze. For
b � Rg(s), it is calculated in Appendix B, and the leading
term looks like

Reχ̃(s, b)
∣∣∣
b�Rg(s)

� −GDs α′−d/2
g

e−a2
Γ
(

d
2

)
π(d+3)/22d+1a2Γ

(
d+1
2

)
×
[
ln
( s

s0

)]−d/2
(

Rg(s)
b

)2

J2

(
ab

Rg(s)

)
. (28)

The expression for the imaginary part of the eikonal
for d � 1 was calculated in [1]:

Im χ(s, b) =
GDs α

′−d/2
g

πd/2−1

[
ln
( s

s0

)]−(1+d/2)

× exp[−b2/4R2
g(s)]. (29)

As one can see from (27) and (29),

Re χ̃(s, 0)
Im χ(s, 0)

∼ ln s. (30)

Let us stress, we study the case when colliding particles
are confined on the four-dimensional brane, with gravity
living in all D dimensions. We see that the real part of
the eikonal in b-space has a powerlike behavior in b with
oscillations, while the imaginary part decreases exponen-
tially at b � 2α′

g ln s. Both depend on the Regge slope α′
g

via the gravitational radius Rg(s) (7).7
It is interesting to compare our results with the well-

known asymptotic behavior of the eikonal function derived
in the framework of the string theory for the scattering of
D-dimensional fields (gravitons) in a flat space-time [10]:

χ
D

(s, b)
∣∣∣
b2�α′ ln s

�
(

bc

b

)d

+ iπ2 G
D

Ns α′−d/2

(π ln s)1+d/2 exp
(

− b2

4α′ ln s

)
, (31)

7 It does not take place, if colliding particles live in D di-
mensions [9].

where bc = [2π−d/2Γ (d/2)G
D

Ns]1/d, G
D

N being the New-
ton constant in D flat dimensions. Note, the real part of
χ

D
(s, b) exhibits power-law falloff, which does not depend

on the string tension α′ ≡ α′
g.

As one can see, the real part of the eikonal (28) de-
creases as a fixed (d-independent) power of b at b → ∞,
contrary to asymptotics (31). The scales in the real parts
(associated with the impact parameter b) are also differ-
ent: dynamic radius Rg(s) in our case, and bc ∼ (G

D

Ns)1/d

in χ
D

(s, b) (31). It is not strange because we solve a dif-
ferent problem than that considered in [10]. Namely, we
are interested in the scattering of four-dimensional parti-
cles, while the authors in [10] studied the collisions of the
gravitons, which are allowed to propagate in the bulk.

The more amazing thing is that the imaginary parts
of χ(s, b) and χ

D
(s, b) coincide at b � α′

g ln s. It becomes
clear, if one takes into account the definition of the grav-
itational radius, Rg(s) (7). We think it is related to the
fact that the exchange quanta are D-dimensional fields in
both cases.

Because of the inequality Rg(s) � Rc, our formu-
lae contain the compactification radius Rc only via D-
dimensional coupling GD = M

−(2+d)
D = GN (2πRc)d.

However, at extremely high energies, when the dynamic
radius Rg(s) becomes comparable with (or larger than)
Rc, the eikonal profile in impact parameter space should
feel the size of the compact dimensions, Rc [1].

In this connection, let us mention the SM in a D-
dimensional space-time with compact extra dimensions,
but without gravity [11]. In such a case, the dynamic ra-
dius, R(s), is proportional to ln(s/s0)/

√
t0, where t0 de-

notes the nearest (nonzero) singularity in the t-channel
(for instance, t0 = m2

π, if only strong interactions are
taken into account).

The expression for four-dimensional eikonal amplitude
(in the presence of d compact extra dimensions) looks
like [1]

A(s, t) = 2is

∫
d2b eiq⊥b

[
1 − eiχ(s,b)

]
. (32)

At not extreme energies, namely, for
√

s � MD ∼ Ms,
we have inequalities Re χ̃(s, b), Im χ(s, b) � 1, and (32) is
given by

Ã(s, t) � 4πs

∞∫
0

db b J0(q⊥b) [Re χ̃(s, b) + i Im χ(s, b)]

= ReÃ(s, t) + i Im A(s, t). (33)

The imaginary part of the scattering amplitude exhibits
exponential falloff at large |t|:

Im A(s, t) =
8 GDs2 α

′1−d/2
g

πd/2−2

[
ln
( s

s0

)]−d/2

× exp
(
tα′

g ln(s/s0)
)
. (34)

As for the real part of the amplitude, we obtain the
following behaviour (see Appendix C for details):
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ReÃ(s, t)

= GDs2 α′−d/2
g

Γ
(

d
2

)
2dπ(d+1)/2Γ

(
d+1
2

) [ ln
( s

s0

)]−d/2

×




α′
g ln(s/s0)

a2

[
2 +

α′
g ln(s/s0) t

a2

]
+

1
t

[
1 − exp

(
tα′

g ln(s/s0)
)]

(
0 < α′

g |t| < a2/ ln(s/s0)
)

1
−t

exp
(
tα′

g ln(s/s0)
)

(
α′

g |t| � a2/ ln(s/s0)
)

(35)

Note that Im A(s, t) � Re Ã(s, t) in the kinematical re-
gion (8), in particular,

Re Ã(s, t)
Im A(s, t)

∣∣∣∣∣
t=0

∼ ln s,

Re Ã(s, t)
Im A(s, t)

∣∣∣∣∣
1�α′

g |t|�(ln s)−1

∼ 1
α′

g |t| . (36)

The asymptotics of the amplitude at large |t| (35) is
quite different from the behavior of the eikonal amplitude
in both the string theory [10] and in the model with Regge
exchanges in D flat dimensions [9]:

A(s, t)
∣∣∣
|t|�b−2

c

∼ G
D

Ns2 α′(1−d)/2
g |t|−(d+2)2/4(d+1) eiφD(t),

(37)
where φD(t) ∼ |t|d/2(d+1) and bc is define after for-
mula (31). Formula (35) is also different from the asymp-
totic behavior of A(s, t) in the model with compact extra
dimensions, when nonreggeized KK graviton exchanges
are summed up [12]:

A(s, t)
∣∣∣
|t|R2

c�1
∼ GDs2 α′(1−d)/2

g |t|−(d+2)/2(d+1) eiφD(t).

(38)
It is worth noting that (38) decreases as a power of

|t| (the latter being larger than −1 for d � 1), in spite
of the fact that both amplitudes describe the scattering
of fields trapped on the brane. This can be understood
as follows. For nonreggeized exchanges [12], the sum in
KK numbers (n1, n2, . . . nd) contains no suppression fac-
tor exp[−n2R2

g(s)/R2
c ], contrary to our approach with the

gravireggeon exchanges (19). The sum diverges and needs
a definition for d > 1. Usually, the sum is replaced by a d-
dimensional integral, which is calculated by using dimen-
sional regularization. This procedure leads to the power-
like falloff of the eikonal with d-depending power, similar
to the case when colliding fields are not confined to the
brane, but can propagate in the extra dimensions [10].
Moreover, the eikonal is pure real in this scheme [12].

In order to get one or another regime (D-dimensional
or four-dimensional one), one has to compare the effec-
tive gravitational radius Rg(s) with the compactification
radius Rc, but not the impact parameter b with Rg(s) or

Rc. To illustrate it, let us analyze the imaginary part of
the eikonal, which was calculated analytically in our pre-
vious paper [1].

For the sake of simplicity (but without loss of gener-
ality), we consider the case d = 1. The imaginary part
of the eikonal can be represented in the following general
form [1]:

Im χ(s, b) = GNs
α′

g

R2
g(s)

exp
[

− b2/4R2
g(s)
]
θ3(0, q), (39)

where q = exp(−R2
g(s)/R2

c) and θ3 is one of Jacobi θ-
functions [13]:

θ3 = 1 + 2
∞∑

n=1

exp
[−n2 R2

g(s)/R2
c

]
. (40)

Thus, θ3 � 1 at Rg(s) � Rc, and we reproduce a four-
dimensional result in this limit (only zero mode con-
tributes).

On the other hand, we can use unimodular transfor-
mation of θ3 and get [13]

θ3 =
√

π Rc

Rg(s)

{
1 + 2

∞∑
k=1

exp
[−(2πk)2 R2

c/R2
g(s)
]}

. (41)

At Rg(s) � Rc, we obtain from (41) that θ3 �√
π (Rc/Rg(s)), and we come to a five-dimensional expres-

sion (18) (remember that GNRc ∼ G5).
Note that the b-dependence of Im χ(s, b) is the same

in both limits, that is, it does not depend on the ratio
Rg(s)/Rc.

4 Conclusions

In the framework of the model with d extra compact di-
mensions, we have calculated the quantum gravity effects
related to the gravireggeon exchanges in t-channel. For the
scattering of the SM fields living on the four-dimensional
brane, the real part of the eikonal (with the massless mode
subtracted) is estimated. It is shown that it decreases as
a power of b (with oscillations) at large values of the im-
pact parameter b. This power does not depend on the
number of the extra dimensions d, contrary to the case
when the colliding fields are allowed to propagate in the
bulk [10]. The scale, associated with the impact parameter
b, is α′−1

g , while in the D-dimensional flat space-time, the
corresponding scale is defined by (G

D

Ns)1/d, where G
D

N is
the Newton constant in D dimensions.

Let us emphasise that we have calculated the eikonal
and the scattering amplitude for the case when the collid-
ing particles are confined to the four-dimensional brane,
while the classical results of [10] correspond to the case
when the colliding fields can propagate in the extra di-
mensions.

The calculations complete our results on the imaginary
part of the eikonal obtained previously. In particular, it



246 A.V. Kisselev, V.A. Petrov: Eikonal amplitude in the gravireggeon model at superplanckian energies

was shown that the imaginary parts of the eikonal are the
same for the case when colliding particles are confined to
the brane and when they propagate freely in extra dimen-
sions. In the present paper, we have also calculated the
eikonal amplitude and have shown that both the real part
of the amplitude and its imaginary part decreases expo-
nentially at large momentum transfer.

The real part of the amplitude dominates the imag-
inary part at zero momentum transfer, in contrast with
high-energy behaviour of hadronic amplitudes (see, for
instance, [14]). Note, however, that this result was ob-
tained in the region ln s � R2

c/α′
g. At asymptotical s,

the inequality |Re A(s, 0)|/|Im A(s, 0)| < const will be re-
produced, provided the massless mode is discarded in the
eikonal.

Appendix A

The Sommerfeld–Watson transformation results in the fol-
lowing expression for a contribution of the Regge trajec-
tory α(t) to the amplitude [4]:

A(s, t)
∣∣∣
pole

= −16π2[2α(t) + 1]β(t)

×
[

1 + ξ exp(−iπα(t))
sin πα(t)

Pα(t)(−zt(s, t))

− ξ
2
π

Qα(t)(−zt(s, t))

]
. (A.1)

Here, ξ is a signature of the trajectory, zt(s, t) is a cosine
of a scattering angle in the t-channel, β(t) is a residue of
the Regge pole in a partial amplitude:

Aξ
l (t)
∣∣∣
l→α

� β(t)
l − α(t)

. (A.2)

We have omitted a background integral in (A.1), which
is nonleading in the high-energy limit (that is, at
−zt(s, t) � 1). Note that the second term in the right-
hand side of (A.1) is usually discarded because it is also
negligible at −zt(s, t) � 1. Nevertheless, it becomes im-
portant if we look for possible nonphysical singularities.

For even signature (ξ = +1), one gets the real part of
the amplitude in the form:8

ReA(s, t)
∣∣∣
pole

= −16π2(2α + 1) β

×
[
1 + cos πα

sin πα
Pα(−z) − 2

π
Qα(−z)

]
, (A.3)

where simplified notations α ≡ α(t), β ≡ β(t) and
z ≡ zt(s, t) are introduced. In order to analyse singular-
ities of the amplitude in α, it is convenient to represent
the expression in the right-hand side of (A.3) via hyper-
geometric functions [6]:

8 Note that ImPl(z) = ImQl(z) = 0 at z > 1, for any real
l [6].

1 + cos πα

sin πα
Pα(−z) − 2

π
Qα(−z)

= − π−1/2

cos πα

[
(−2z)α (1 + cos πα) Γ (−α)

Γ (−α + 1/2)

× 2F1

(
−α

2
, −α

2
+

1
2
; −α

2
+ 1;

1
z2

)

− (−2z)−α−1 (1 − cos πα) Γ (α + 1)
Γ (α + 3/2)

× 2F1

(
α

2
+

1
2
,

α

2
+ 1;

α

2
+

3
2
;

1
z2

)]
. (A.4)

This expression is symmetric under replacement α →
−α−1. Note that the ratio 2F1(a, b; c; z)/Γ (c) has neither
singularities nor zeros in c.

It follows from (A.4) that the amplitude has two sets
of simple poles: physical singularities at α(t) = 2m, m =
0, 1 . . ., and tachyon poles at α(t) = −(2n+1), n = 0, 1 . . ..
If the term (2/π) Qα(−z) is disregarded in (A.3), the
tachyon poles are shifted to the points α(t) = −2n. No-
tice that there are no poles in the right-hand side of (A.4)
at half-integer α because an expression in square brack-
ets tends to zero and cancels zeros of a function cos πα at
these points.

Let us demonstrate that the tachyon poles are fictitious
ones. In order to do this, we will consider the Mandelstam-
Sommerfeld–Watson transformation, which is based on us-
ing the Legendre function of the second kind [4]. By dis-
regarding all the terms but the pole contribution and the
sum in positive angular momenta, we get

A′(s, t)= 16π [1 + ξ exp(iπα(t))][
(2α(t) + 1)β(t)

Q−α(t)−1(−zt(s, t))
cos πα(t)

− 1
π

∞∑
l=1

(−1)l−1(2l) Aξ
l−1/2(t) Ql−1/2(−zt(s, t))

]
.

(A.5)

In particular, the contribution of the Regge trajectory
(with ξ = +1) into the real part of the amplitude,

ReA′(s, t)
∣∣∣
pole

= 16π(2α + 1) β
1 + cos πα

cos πα
Q−α−1(−z),

(A.6)
reveals the same physical singularities (at α(t) = 2m, m =
0, 1 . . .), as can be easily seen from the relation [6]

Q−α−1(−z) = π1/2 (−2z)α Γ (−α)
Γ (−α + 1/2)

× 2F1

(
−α

2
, −α

2
+

1
2
; −α

2
+ 1;

1
z2

)
. (A.7)

The zeros of the function cos πα in (A.5) can result in
singularities of ReA′(s, t) at half-integer α. However, the
poles of (cos πα)−1 at α(t) = n + 1/2, with n = 0, 1 . . .,
and corresponding poles of the partial amplitudes in the
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sum in (A.5) cancel out. To see this, one should use the
formula

Ql−1/2(z) = Q−l−1/2(z), (A.8)

valid for any integer l [6]. Only tachyon poles, α(t) =
−(n + 1/2), n = 0, 1 . . ., survive. Thus, we see that
positions of the tachyon poles are different if we use
the Mandelstam-Sommerfeld–Watson transformation in-
stead of the standard Sommerfeld–Watson transforma-
tion. Moreover, the singularities at α(t) = −(n + 1/2)
do not appear in the amplitude as well, if so-called Man-
delstam symmetry of the partial amplitudes with respect
to the point l = −1/2 is assumed:9

Aξ
l−1/2(t) = Aξ

−l−1/2(t). (A.9)

All of the above indicates a fictitious character of the sin-
gularities at negative values of α(t).

Appendix B

In this appendix, we will calculate the asymptotics of the
right-hand side of (26) at large values of variable c =
ab/Rg(s), where b is the impact parameter and a is defined
in the text (25). The first quantity under consideration,
I<(c), is represented by the integral

I<(c) =

1∫
0

dz z J0(cz) e−a2z2
. (B.1)

By using the well-known relation between Bessel func-
tions [7],

zνJν−1(cz) =
1
c

d

dz

[
zνJν(cz)

]
, (B.2)

one can easily obtains from (B.1)

I<(c) =
e−a2

c

N∑
m=0

(
2a2

c

)m

Jm+1(c)

+
(

2a2

c

)N+1 1∫
0

dz zN+2 JN+1(cz) e−a2z2

=
e−a2

c

N∑
m=0

(
2a2

c

)m

Jm+1(c) + o(c−N−2) (B.3)

for any integer N � 0. Thus, we obtain the leading asymp-
totic terms:

I<(c)|c�1 =
e−a2

c

[
J1(c) +

2a2

c
J2(c)

]
+ o(c−3). (B.4)

9 From the Gribov–Froissart representation, the Mandelstam
symmetry follows for all Aξ

l (t) with l � N , where N is a number
of subtractions in a dispersion relation for the amplitude, due
to the symmetry property of Ql(z) (A.8). The symmetry takes
place in a potential scattering (see [4] for more details).

Note, the sum in (B.3) converges at N → ∞ for any
fixed c.

The quantity I>(c) is represented by the integral

I>(c) =

∞∫
1

dz

z
J0(cz) e−a2z2

. (B.5)

In order to estimate I>(c) at large c, it is convenient to
recast it in the form

I>(c)

= lim
α→0

[ ∞∫
0

dzzα−1J0(cz)e−a2z2 −
1∫

0

dzzα−1J0(cz)e−a2z2

]

= lim
α→0

[ ∞∫
0

dzzα−1J0(cz) e−a2z2 −
1∫

0

dzzα−1J0(cz)
]

−
∞∑

k=1

(−1)k a2k

k!

1∫
0

dzz2k−1J0(cz). (B.6)

By using table integrals from [5], we get (up to power
corrections in α):

∞∫
0

dzzα−1J0(cz) e−a2z2

∣∣∣∣∣∣
α→0

� a−α

2

[
Γ
(α
2
)− γ − ln

( c2

4a2

)
+ Ei

(
− c2

4a2

)]
, (B.7)

where γ is the Euler constant and Ei(−z) is the exponen-
tial integral. Analogously, one gets [5]

1∫
0

dzzα−1J0(cz)

∣∣∣∣∣∣
α→0

� 1
2

[
Γ
(α
2
)− γ − ln

(c2

4

)]

−
∞∫
c

dz

z
J0(z). (B.8)

(B.6)–(B.8) result in the expression

I>(c) =
1
2

Ei
(

− c2

4a2

)
+

∞∫
c

dz

z
J0(z)

−
∞∑

k=1

(−1)k a2k

k!

1∫
0

dzz2k−1 J0(cz). (B.9)

By taking into account (B.2), we get (for N � 0)

∞∫
c

dz

z
J0(z) = −1

c

N∑
m=0

m!
(

2
c

)m

Jm+1(c)

+ 2N+1(N + 1)!

∞∫
c

dz

zN+2 JN+1(z). (B.10)
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A series, which arises in (B.10) in the limit N → ∞,
does not converge. To see this, one should use asymptotics
of the Gamma-function [6],

Γ (m)
∣∣∣
m→∞

� exp
[(

m− 1
2

)
lnm−m+

1
2

ln(2π)
]
, (B.11)

and an asymptotics of the Bessel function at large value
of its index (at fixed c) [8],

Jm(c)
∣∣∣
m→∞

� exp
{

m
[
1 + ln

( c

2

)]
−
(
m +

1
2

)
lnm

− 1
2

ln(2π)
}

. (B.12)

Then one concludes that the mth term in the series under
consideration tends to (2m)−1 at m → ∞. So the sum in
(B.10) is an asymptotic one at large N .

As a result, we have (for N � 0):

∞∑
k=1

(−1)k a2k

k!

1∫
0

dzz2k−1 J0(cz) =
e−a2 − 1

c
J1(c)

+
∞∑

k=1

(−1)k a2k

k

[1
c

N∑
m=1

(−1)m 1
Γ (k − m)

(
2
c

)m

Jm+1(c)

− (−1)N

(
2
c

)N+1 1
Γ (k − N − 1)

1∫
0

dzz2k−N−2 JN+1(cz)
]
.

(B.13)

Taking into account that 1/Γ (−n) = 0 for any nonnega-
tive integer n, we come to the formula

∞∑
k=1

(−1)k a2k

k!

1∫
0

dzz2k−1 J0(cz) =
e−a2 − 1

c
J1(c)

− 1
c

N∑
m=1

(
2
c

)m

γ(m + 1, a2) Jm+1(c)

−
(

2
c

)N+1 1∫
0

dzz−N−2 γ(N + 2, z2a2) JN+1(cz)
]
.

(B.14)

Here γ(a, x) is the incomplete Gamma function. At N →
∞, the sum in the right-hand side of (B.14) converges. It
can be easily shown if we use the expansion of the incom-
plete Gamma function, γ(m + 1, 1) =

∑m
k=0 [k!(k + m +

1)]−1, and use (B.12).
It follows from (B.9), (B.10) and (B.14) that10

I>(c) = −e−a2

c
J1(c) − 1

c

N∑
m=1

(
2
c

)m

m! Jm+1(c)

+
1
c

∞∑
m=1

(
2
c

)m

γ(m + 1, a2) Jm+1(c) + o(c−N−2),

(B.15)

10 Notice, the exponetial integral Ei(−c2/4a2) decreases ex-
ponentially at c → ∞.

and we obtain the leading asymptotic terms

I>(c)
∣∣∣
c�1

= −e−a2

c

[
J1(c) +

2(1 + a2)
c

J2(c)
]

+ o(c−3).

(B.16)
Notice that the leading terms in (B.4) and (B.16) (pro-
portional to J1(c)) cancel out. Thus, we get

[I<(c) + I>(c)]
∣∣∣
c�1

� −2e−a2

c2 J2(c), (B.17)

and we arrive at the asymptotics presented in the text
(28). The complete asymptotic expansion of the functions
I<(c) and I>(c) can be obtained if desired from (B.3) and
(B.15), respectively.

Appendix C

In order to find ReÃ(s, t), we need to calculate the integral

M =

∞∫
0

db b J0(q⊥b)
[
I<

(
ab

Rg(s)

)
+I>

(
ab

Rg(s)

)]
. (C.1)

By taking into account formulae from Appendix B, one
can get

I<(c) + I>(c) = −2e−a2

c2 J2(c)

+
(

2a2

c

)2 1∫
0

dzz3J2(cz)e−a2z2

+
(

2
c

)2 1∫
0

dz

z3 γ(3, z2a2)J2(cz)

+ 8

∞∫
c

dz

z3 J2(z) +
1
2
Ei
(

− c2

4a2

)
, (C.2)

where again we have defined c = ab/Rg(s).
By the use of (B.2) and other relation between the

Bessel functions [7],

d

dz

[
z−νJν(cz)

]
= −cz−νJν+1(z), (C.3)

the following formula can be derived (α, β > 0):11

x∫
dz

zµ
Jν(αz)Jν+µ+1(βz)

=
1

βxµ

∞∑
m=1

(β

α

)m

Jν+m(αx)Jν+µ+m(βx)

+ const. (C.4)

11 A special case of this equation for µ = 0 and a = b can be
found in [5].
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In particular, one obtains (for A, q⊥ > 0)

∞∫
0

db

b
J0(q⊥b) J2(Ab)

=
1

Ab

∞∑
m=1

( A

q⊥

)m

Jm

(
q⊥b
)
Jm+1(Ab)

∣∣∣b=∞

b=0

= 0. (C.5)

Thus, the first three terms in the right-hand side of (C.2)
gives zero after the integration in variable b in (C.1).

The next to the last term in (C.2) results in

8

∞∫
0

db b J0(q⊥b)

∞∫
c

dz

z3 J2(z)

=
8Rg(s)
aq⊥

∞∫
0

dz

z2 J2(z) J1

[Rg(s)q⊥
a

z
]
. (C.6)

The integral in (C.6) is a table one (see [5]):

∞∫
0

dz

z2 J2(z)J1

[Rg(s)q⊥
a

z
]

=




Rg(s)q⊥
8a

[
2 − R2

g(s)q
2
⊥

a2

]
, for |t| < a2R−2

g (s)

a

8Rg(s)q⊥
, for |t| � a2R−2

g (s).

(C.7)

The contribution from the last term in (C.2) can be
also explicitly calculated with the help of a table integral
from [5]:

1
2

∞∫
0

db b J0(q⊥b) Ei
(

− c2

4a2

)
= − 1

q2
⊥

[
1 − e−q2

⊥R2
g(s)
]
,

(C.8)
and we get

M
∣∣∣
q⊥<aR−1

g (s)
=

R2
g(s)
a2

[
2 − R2

g(s)q
2
⊥

a2

]
− 1

q2
⊥

[
1 − e−q2

⊥R2
g(s)
]
,

M
∣∣∣
q⊥�aR−1

g (s)
=

1
q2
⊥

e−q2
⊥R2

g(s). (C.9)

As a result, we arrive at the expression for the amplitude
presented in the text (35).
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